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1. Introduction 

Let C be a bounded connected open set with Lipschitz continuous boundary dQ and 
let diy^ C di} be a (non-empty) relatively open subset of d^l composed of a finite number of 
connected components. Let g G W^'^{Q) and let / : x ^ M be a Borel function which 
satisfies the assumptions (^)-([2^) below. We consider pairs {u,K) with K a compact subset 
of n and li € L^'^in \ K) := {v G Lf^^(17 \ K), Vv G LP{n \ K, M^)} with u = g on dn^ \ K, 
which satisfy the following unilateral minimality condition: 

/ fix,Vu)dx + n\K) < [ f{x,Vw)dx + n^{H), (I.I) 
Jn\K Jn\H 

among all compact subsets H of ^ with H D K and all functions w G L^''^{Q \ H) with w = g 
on \ H. 
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Our goal in this paper is to study the stabihty of the problem (|1.1|) under variations of the 
compact set K in the Hausdorff metric and of the boundary datum g in the strong topology 
of W^'^{Q). Precisely, let (Kh) be a sequence of compact subsets of 17 which converges to a 
compact set K in the Hausdorff metric and let (gh) C W^''P{Q) be a sequence which converges 
strongly to a function g in W^''^{^). Let Uh be such that the pair {uh,Kh) is a solution of (1.1) 



relative to the boundary data gh- We are studying the conditions under which the sequence 
{Vuh) converges strongly to Vu in LP(Q,,'M?) for some function u such that the pair {u,K) is a 
solution of (|1.1D relative to the boundary data g. 



Minimization problems of the type (1.1) arise for instance in the mathematical formulation of 
the irreversible quasi-static growth of brittle fractures based on Griffith's theory of crack growth. 
In this model, the crack path is determined by the competition between bulk and surface energy. 



The variational model proposed by G.A. Francfort and J. -J. Marigo [15| is described as follows: 
from an initial crack Kq (possibly an empty set), the crack K{t) at a given time t corresponding 
to a loading g{t) applied to do^, will minimize the total energy (bulk energy + surface energy) 
among all the possible cracks K which contain the previous one K{s), s < t. This continuum 
evolution of the cracks during the loading process is obtained as a limit of a discretized evolution 



described as a step by step unilateral minimization problem of the type (1.1). 

The precise mathematical formulation of this model has been studied by G. Dal Maso and R. 
Toader [^, 10 1 in the special case of linearized elasticity for anti-plane shear and for an a priori 



bound on the number of connected component of the test cracks. In this case the reference 
configuration is an infinite cylinder O x M, with C M^, and the displacement field has the form 
V := (0, 0, u) where w is a scalar function defined on Q. The cracks are assumed also to be of 
the form x M, where K is a compact subset of 0. 

Recently, a weak formulation for the variational model of fracture growth in the framework 
of SBV space of special functions of bounded variation, has been proposed by G.A. Francfort 
and C.J. Larsen [14| for anti-plane shear in higher dimensions. This approach is more natural 
since it is performed in any dimension and with no restrictions on the test cracks. However, the 
strong formulation in based on the Hausdorff convergence of compact sets, is more handable 
and elementary in two dimensions and leads to the convergence in the Hausdorff metric of the 
cracks obtained in the discretized evolution. 

One of the key points in Q is the stability of (1.1) for f{x,^) = which follows from the 
stability of the following minimization problem: 

minJ / f{x,Vv)dx: V e L^'P{n\K) , v = g on Od^XK}. (1.2) 
" [Jn\K J 



Actually the stability of (L2) holds for every p < 2 under the hypotheses of (see |^]), while 



in the case p > 2 some counter-examples have been given in P] and in O] . The strategy to get 



the stability of problem (1.1) for every 1 < p < cxo is to obtain the stability of (1.2) using the 



unilateral minimality condition. 
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The obstruction to the stabiUty of ( |1.2| ) when p > 2 is due to the fact that two connected 
components of the approximating sequence {K^) can approach and touch each other in the 
limit fracture K, leading then to the appearance of a transmission term in the limit problem. 
To avoid such phenomena we joint these two connected components by curves of infinitesimal 
length, obtaining then a new sequence of cracks {Hh) having the properties that C Hh, 
converges to K, li}{Hh\Kh) —>■ and any connected component of Hh converges to a connected 
component of the limit fracture K. Then the stability of ( |1.2| ) along this new sequence of cracks 



(Hh) will follow from Proposition 4.1. Now, using the unilateral constraint, we obtain the 
stability of (|1.2|) also along the original sequence of cracks (Kh). 



We prove our main results (see Theorems 4.2 and [4.3|) following the duality approach, i.e.. 



through the conjugates (see Section 3), performed in Q, [^] for linear problems, and extended 
recently in |^] to nonlinear problems. 

2. Notation and preliminaries 

Let Q be a bounded connected open subset of with Lipschitz continuous boundary dQ. 
Let do^ C be a (non-empty) relatively open subset of d^l composed of a finite number of 
connected components and djy^l := dCl \ dn^- 

Let /C(0) be the class of compact subsets of and /Cm(^) be the subset of /C(0) whose 
elements have at most m connected components. We denote ICm{^) the subclass of A^m(O) 
whose elements have finite one-dimensional Hausdorff measure 7i^. For every A > 0, /C,^(0) 
denotes the class of sets K in JCmi^) such that 1i}{K) < X. 

For any x € Q, and p > 0, B{x,p) denotes the open ball of M? centered at x with radius 
p. For any subset E of M^, 1e is the characteristic function of E, E^ is the complement of E, 
and \E\ is the Lebesgue measure of E. Throughout the paper p and q are real numbers, with 
1 < p, g < +00 and p^"^ + q^^ = 1. 

2.1. Deny-Lions spaces. Given an open subset U of M^, the Deny-Lions space is defined by 

Li'P([/) := {u e Ll^{U) : Vu G LP{U,^^)}. 

It is well-known that L^'^{U) coincides with the Sobolev space W^'^{U) whenever U is bounded 
and has a Lipschitz continuous boundary. It is also known that the set {Vu : u € L^'^iU)} is a 
closed subspace of L^(C/, M^). The Deny-Lions spaces L^'^ are usually involved in minimization 
problems of the type ( |2.3D below, in non smooth domains where Poincare inequalities do not 
hold in general. For further properties of the spaces L^'P we refer the reader to |l^ and 



2.2. The minimization problem. Let / : J7 x — > M be a Borel function which satisfies the 
following assumptions: there exist positive constants a, /3, 7 such that, for almost every x G 
and for every ^ G 

a|er</(x,0</?lCP + 7; (2.1) 
/(x, •) is strictly convex and is of class C^. (2-2) 
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Given K € IC{Q,) and a function g G W^'P{Q), we consider the following minimization problem 

minJ /" f{x,\/v)dx: V e L^^P{n\K) , v = g on dD^\K\, (2.3) 
^ [Jn\K J 

whose weak Euler-Lagrange equation is given by 

'ue L^'P{n\K), u = g on dD^\K, 

< r 1 (2-4) 

/ f^{x,Vu)-V(p dx = Vif £ L^'P{n\K), ip = on dn^XK. 
Jn\K 

By well-known existence results for nonlinear elliptic equations involving strictly monotone op- 
erators (see e.g. Lions [|19|), one can easily see that (2.4) has a unique solution in the sense that 
the gradient is always unique. 

From now on, given K G }Cm{^) and u G L^'P{Q \ K), we set 

E{u,K):=[ f{x,Vu)dx + n^{K). (2.5) 
Jn\K 

Definition 2.1. Let g G W^^'P(Jl) and let m be a positive integer. We say that a pair (u,K), 
with K G lCm{^), u G L^'P{Vl \ K) and u = g on dn^l \K is an unilateral minimum of \2.^ if 

E{u,K) < E{v,H) (2.6) 

among all H G ICm{^), H D K and v G L^'P{^1 \ H) with v = g on \ H . 

2.3. HausdorfF convergence. We recall here the Hausdorff distance between two closed sets 
Ki and K2 defined by 

dniKi, K2) := max < sup dist {x, K2) , sup dist (x, Ki 
with the conventions dist (x, 0) = diam (0) and sup0 = 0, so that 

^ ^ |diam(l^) ifi^/0. 

Let (Kh) be a sequence of compact subsets of il. We say that (Kh) converges to K in the 
Hausdorff metric if dniKh ,K) converges to 0. It is well-known (see e.g., |17, Blaschke's Selec- 
tion Theorem]) that 1C{Vl) and lCm{^) are compact with respect to the Hausdorff convergence. 
Moreover, using Golab theorem on the lower semicontinuity of the one-dimensional Hausdorff 
measure, we have also that /C^(r2) is compact with respect to the Hausdorff convergence. 

The following Lemma is proved in |p. 

Lemma 2.2. Let U he a hounded connected open subset ofM? with Lipschitz continuous bound- 
ary. Let K be a closed connected subset of U . Let A > and let {Kh) C K^{U) he a sequence 
which converges to K in the Hausdorff metric. Then there exists a sequence {H^) of closed 
connected subsets of U which converges to K in the Hausdorff metric, with C H^ for every 
h and n\Hh\Kh) ^0. 
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Lemma 2.3. Let U be a bounded connected open subset ofM? with Lipschitz continuous bound- 
ary and let (Kh) C }CL{U) be a sequence which converges to a compact set K in the Hausdorff 
metric. Let T be a compact subset of U with a finite number of connected components. Then 
there exists a sequence (Hh) C }CL{U) which converges to K in the Hausdorff metric, with 
Kh C Hh for every h, H^{Hh \ Kh) — > and such that any connected component of Hh U T 
converges to a connected component of K UT in the Hausdorff metric. 



The proof of this lemma follows the lines of IH, Lemma 3.6]. Precisely, we apply Lemma 2^ to 



every connected component C K UT and the union of those connected components of Kh U F 
whose limits in the Hausdorff metric are contained in C. 

The following Lemma proved in ^ will also be useful in the proof of our main results. 

Lemma 2.4. Let p and m be two positive integers. Let (Kh) be a sequence in /Cp(0) which 
converges in the Hausdorff metric to K £ }Cp{fl), and let H € K,m{^) with H ZD K. Then there 
exists a sequence {Hh) C }Cm{Q) such that Hh H in the Hausdorff metric, Kh C Hh, and 
H\Hh\Kh)^n\H\K). 



In order to study the continuity of the solution u of ( |2.3| ) with respect to the variations of the 
compact set K, we should be able to compare two solutions defined in two different domains. 
This is why, throughout this paper, given a function u G L^'^\Q. \ K), we extend in by 
setting Vu = in 17 n i^. 

2.4. Capacity. Let 1 < r < oo and let 5 be a bounded open set in R^. For every subset E of 
B, the (1, r)-capacity of E in B, denoted by Cr{E, B), is defined as the infimum of | Vm|'" dx 
over the set of all functions u € Wq'^{B) such that u > 1 a.e. in a neighborhood of E. If r > 2, 
then Cr{E, B) > for every nonempty set E. On the contrary, if r = 2 there are nonempty sets 
E with Cr{E, B) = (for instance, Cr{{x}, B) = for every x € B). 

We say that a property V{x) holds Cr-quasi everywhere (abbreviated Cr-q.e.) in a set E if it 
holds for all X S -E except a subset N of E with Cr{N,B) = 0. We recall that the expression 
almost everywhere (abbreviated a.e.) refers, as usual, to the Lebesgue measure. 

A function u : E ^ M is said to be quasi- continuous if for every e there exists A;, C E, with 
Cr{As,B) < e, such that the restriction of u to E \ is continuous. If r > 2 every quasi- 
continuous function is continuous, while for r = 2 there are quasi-continuous functions that are 
not continuous. It is well known that, for any open subset U of M^, any function u S L^'^(U) 
has a quasi- continuous representative u : U U d^U M which satisfies 

lim + l^(y) — u{x) \ dy = for Cr-q.e. x G [/ U diU, 

p-^o+ JBp{x)nU 

where diU denotes the Lipschitz part of the boundary dU of U. We recall that if Uh converges 
to u strongly in W^''^{U), then a subsequence of Uh converges to u pointwise C^-q.e. on U UOlU. 
To simplify the notation we shall always identify throughout the paper each function u G L^'^{U) 
with its quasi-continuous representative u. 
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For these and other properties on quasi-continuous representatives the reader is referred to 



|16|, m, |2C1, [23|. 



The following lemma is proved in Lemma 4.1] for p = 2. The case p ^ 2 can be proved in 
the same way. 

Lemma 2.5. Let {Kh) he a sequence in /C(il) which converges to a compact set K in the Haus- 
dorff metric. Let G L^''p{^ \ Kh) he a sequence such that Uh = Cp-q.e. on \ 
and (Vti/i) is bounded in L*'(r2,M^). Then, there exists a function u € L^'P(Q \ K) with u = 
Cp-q.e. on \ LC such that, up to a subsequence, S/uh converges weakly to Vu in LP{A,'M?) 
for every A CC ^}\K. If, in addition, \Kh\ converges to \K\, then Vu/i converges weakly to Vn 
in LP(Q,M2). 

The following three lemmas will be crucial in the proof of our main result. 

Lemma 2.6. Let {K^) C lCi{Q) converging to a compact set K in the Hausdorff metric. Let 
{vh) be a sequence in W^''^{^) converging weakly in W^''^{Q) to a function v, with Vh = 
Cq-q.e. in K^. Then v = Cq-q.e. in K. 

Proof. We consider an open ball B containing and we extend both functions Vh and v to 
functions still denoted respectively by Vh and v such that the two extensions belong two Wq''^{B) 
and Vfi ^ V W^''^{B). Let Wh and w be the solutions of the problems 

Wh(^Wl'\B\Kh), AgWh = AgV in B\Kh, (2.7) 

w G Wq'\B \ K), Agw = Agv in B\K. 

Using a result on the stability of Dirichlet problems by Bucur and Trebeschi |^ (see also Sverak 
|22| for the case q = 2), we obtain that vuh converges to w strongly in Wq'''{B). Taking Vh — Wh 



as test function in (|2.7D , which is possible since Vh — Wh^ WQ''^{B\Kh) (see, e.g., [18, Theorem 
4.5]), we obtain 

{AgWh, Vh - Wh) = {AgV, Vh - Wh), (2.8) 

where (•, ■) is the duality pairing between W^^'P{B) and Wq''^{B). Passing to the limit in ( |2.8| ) 
we obtain 

{AgW, V — w) = {AqV, V — w), 

which implies v = w hy the strict monotonicity of — A^. Since, by definition, w = Cg-q.e. in 
K, we conclude that v = Cg-q.e. in K. □ 

Lemma 2.7. Let (Kh) C ICi{^}) converging to a compact set K in the Hausdorff metric. Let 
{vh) be a sequence in W^''^{^), converging weakly in W^''^{^) to a function v. Assume that every 
function Vh is constant Cg-q.e. in Kh. Then v is constant Cg-q.e. in K. 



Proof. This is trivial if K contains only a single point. If K has more than one point, there 
exists r > such that dia.m.{Kh) > 2r for h large enough. Let us prove that the constant values 
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Ch taken by Vh on Kh are bounded uniformly with respect to h. To this aim let us consider a 
point Xh € K^. Since diam(K^) > 2r, we have \ B{xh, r) ^ 0, and by connectedness 

Kh n dB{xh, p)i-% for every < p < r. (2.9) 

As Vh = Ch Cq-q.e. on Kh, by using polar coordinates we deduce from ( |2.9D the Poincare 
inequality 

/ \vh - Ch]" dx < Mr'^ \Vvh\'^dx, 

JB{xh,r) JB{xh,r) 

where the constant M is independent of h and r. Since the sequence Vh is bounded in W^''^{^), 
it follows that Ch is bounded, and so it converges (up to a subsequence) to some constant c. So, 
the sequence Vh — Ch converges weakly to w — c in W^''^{Q), and by Lemma 2^ we get that v = c 
Cq-q.e. on K. □ 

3. Conjugates and their properties 

Let R be the rotation on defined by R{yi,y2) := (— y2,yi)- The following proposition on 
the global construction of conjugates will be crucial in the proof of Theorem 



Proposition 3.1. Let K S IC{0,) and let u be a solution of the problem (2^). Assume that $7 
is simply connected. Then there exists a function v G W^''^{^) such that \/v = Rf^{x,Vu)lK<^ 
a.e. in Vl. Moreover, v is constant Cq-q.e. on each connected component of K U d^O,. 



Proof. Let u be a solution of (|2.3|) . We consider the vector field <I> € L''(r2,M^) defined by 

$ := fi:{x,Vu)lK-. 

We have that div(<I>) = in V^Q); hence rot(-R<I>) = in D'i^D,). As il. is simply connected and 
has a Lipschitz boundary, there exists v € W^''^{Q) such that Vv = a.e. on i7. 

Let us now prove that v is constant Cg-q.e. on each connected component oi K U we 
proceed as follows. Let C be a connected component of K U djy^ with Ci^g(C) > and let 
e > 0. We set 

:= {x GO: dist(x, C) < e} and Ke := {K U On^) UC^. 

Let lie be the solution of the problem ( |2.3| ) in 17 \ K^. From Lemma |2.5| applied to — g and 
by the monotonicity of Kg,, we have that Vu^ converges (up to a subsequence) to Vu* weakly 
in LP(0 \ K,R'^) for some u* G L^'P^Q \ K) with u* = g on do^ \ K. 

We claim that Vn* = Vn a.e. in Q. Indeed, by reformulating the problem (2.4) as a variational 
inequality in 17 \ K^ and using Minty's lemma, we get 

f f^{x,Vz)-{Vz-Vue)dx>0 yzeL^'P{n\Ke),z = gondDn\Ke. 

Now, let z G L^'P{Q \ K) with z = g on \ K. By the monotonicity of K^, we have that 
z G L^'P{n \ Ke) and z = g on do^ \ K^. So, 

/ f^[x,Vz) ■ {Vz -Vue)dx>Q. 



8 



FRANgOIS EBOBISSE AND MARCELLO PONSIGLIONE 



Using the convention that Vug = in fi we obtain 

/ f^{x,Vz) ■ {Vz -Vue)dx > - f^{x,S/z) -Vzdx. (3.1) 

Jn\K Jks\k 

Now, letting e — > in ( |3.1| ) we obtain 

/ f^{x,Vz)-iVz-Vu*)dx>0 yz £ L^^P{n\K), z = g on dDn\K. 
Jn\K 

which, using again Minty's lemma is equivalent to 

[ f^{x,Vu*)-V^dx = yip e L^^P{n\K), ^ = on dD^XK. 
Jn\K 

By the uniqueness of solution of (2.4) in ^}\K, we get that Vn* = Vu. So, we have proved that 
all the sequence (Vue) converges to Vn weakly in L^(0,M^). On the other hand, one can see 
that 

lim / [h{x, Vue) - Mx, Vu)] ■ (Vn - Vu^) dx = 0. (3.2) 

Hence arguing as in Lemma 2.4] (recall that f^{x, •) is strictly monotone), it follows that Vn^ 
converges strongly to Vu in LP{Q,M?). 

Now, from the first part of the proof, we consider a function G W^''^{^) such that Vug = 
Rf^{x,'Vus)lK^ a-e. in Q. We can assume that J^v^dx = j^vdx = 0. So, by Poincare 
inequality we obtain that Vs converges strongly to v in W^''^{^1). By construction Vfg = in 
Cs from which it follows that is constant Cg-q.e. on U diCe- Hence is constant C^-q.e. 
on C. Since a subsequence of Ve converges to v C^-q.e. on 17, we conclude that v is constant 
Cg-q.e. on C and this completes the proof. □ 



Definition 3.2. The function v in Proposition 3.1 is called a conjugate of the function u. 



The following lemma is proved like in Theorem 4.3] for /(x,^) = For the reader's 

convenience we will give here the proof of the present version. 

Lemma 3.3. Let K E /Cm(f^) and u E L}'P{Q. \ K) with u = g on \ K ■ Assume that there 
exists V E W^''^{^) such that Vv = Rf^{x,Vu)lK<^ «-e. in Q and that v is constant Cg-q.e. on 
every connected component of K U djy^- Then u is solution of ( [^.-^ 

Proof. Let C^, . . . , C' be the connected components of K U d^^- Since v = d Cq-q.e on C", 
by pS] , Theorem 4.5], we can approximate v strongly in W^''^{Q) by a sequence of functions 
Vn E C^{M?) that are constant in a suitable neighborhood of C\ Let ip E L^'^{n \ K) with 
= on \ K and let ipn £ Wq'^\Q. \ K) such that = 99 in 17 \ IJ,- V.^. Then we have that 

/ RVvnVLpdx= I RVvnVifndx = 0, (3.3) 
Jn Jn\K 
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where the last equality follows from the fact that the vector field KVvn is divergence free. Then 
passing to the limit in (|3.3|) for n ^ oo, we get 



[ f^{x,Vu)V^dx= [ RVvVipdx = "^ip e L^^P{n\ K) withip = on dD^\ K. 
Jn\K Jq 

So -u is a solution of (|2.4D . □ 



The following Lemma on the local construction of conjugates will be used in the proof of Theorem 



4.3 



Lemma 3.4. Let K G /C(0) and let u he a solution of ([2.3^ ) in Q \ K . Let U be an open 
rectangle such that U r\Vt is a non empty simply connected set. Then there exists a function 
V S W^''^{U nQ) such that Vv = Rf^{x,Vu)lx<^ a.e. in U nil. Moreover, v is constant Cq-q.e. 
on each connected component of U Ci {K U On^). 

Proof. We note that u is solution of the following problem 



mini [ f{x,Vw)dx: w G L'^''P{U r\^l)\K) and -u; = n on d{Ur\VL)\K\. 

yj{Ur\a)\K J 



Since C/ PI is simply connected, we can apply Proposition |3JJ with replaced by f7 n $7. So, 
there exists a function v G W^''^{U PI il) such that Vv = Rf^{x,'S7u)lK'' a.e. in U HQ, with v 
constant Cq-q.e. on each connected component of [/ n {K U On^)- □ 



4. The stability results relative to problem ( p^Bl ) 
In this section we give the stability results relative to problem ( [2.61) . First of all, we prove in 



the following proposition, the stability of problem (2^) under the condition that any connected 
component of U d^O, converges to a connected component of X U in the Hausdorff 
metric. 

Proposition 4.1. Let Q be a simply connected and bounded open subset of M."^ with Lipschitz 
continuous boundary. Assume that dj\fO, has M connected components. Let A > and let 
(Kh) C /C^(r2) be a sequence which converges to a compact set K in the Hausdorff metric. Let 
(gh) be a sequence in W^'^{Q) which converges to g strongly in W^''''{^). Let Uh G L^'^iyt \ Kh) 
and u G L^''p{Q. \ K) he the solutions of the minimization problem ( \2.^ with boundary data 
gh and g respectively. Assume that any connected component of Kh U d]\fil. converges to a 
connected component of KuOn^ in the Hausdorff metric. Then Vuh converges strongly to Vn 
in LP(17,M2). 



Proof. By the growth assumptions ( |2.lD on the function /, we have that Vu/j and f^{x,\/uh) 
are bounded respectively in LP(Q,M?) and in L'^{Q,M?). So, applying Lemma |2.5| to Uh — gh, we 
obtain that Vuh converges (up to a subsequence) to S/u* weakly in LP(J7,IR^) for some function 
u* G L^''P{n \ K) and u* = g on do^ \ K. 

On the other hand, there exists a vector field ^' G L'^(0, R^) such that /^(x, Vuh) ^ weakly 
in L'?(r2,M^). Let us prove that ^ = f^{x,Vu*) a.e. in Q.. Since \Kh\ = \K\ = it is sufficient 
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to prove that for every open ball B CC Q\K, ^ = /^(x, Vu*) a.e. in B. Note that by the 
Hausdorff complementary convergence we have B CC Kh for h large enough. 

We may assume that the mean values of Uh and u* on B are zero. Thus the Poincare 
inequality and the Rellich theorem imply that Uh u* strongly in LP(B). Let z C W^'^{B) and 
(fi C C^{B) with if > 0. For h large enough we have B CC \ K^, thus by the monotonicity 
of /^(x, •) we have 



We have also 



/ (/^(x, Vz) - f^ix,Vuh)) ■ (Vz - Vuh)ipdx > 0. (4.1) 
Jb 

/^(x, S/uh) ■ V((z - Uh) (p) dx = 0, 



which, together with ( |4.1| ), gives 

/ f^ix, Vz) ■ V((z - Uh)ip) dx - [ (/^(x, Vz) - f^{x, Vuh)) • V^p (z - Uh) dx > 0. (4.2) 
Jb Jb 

We can pass to the limit in each term of (^^) and we get 

/^(x, Vz) ■ V((z - u*)ip) dx - [ (/^(x, Vz) -^)-Vipiz- u*) dx > 0. (4.3) 



L 



'B 

As div ^ = in V'{B), we have 



B 



^' • V((z - n*)(/7) dx = 0. (4.4) 



Prom (|^ and (p^ we obtain 

/ (/5(x,Vz) - ^) • (Vz - Vti*)v9dx > 0. 
Jb 

As if is arbitrary, we get (/^(x,Vz) — ^') • (Vz — Vn*) > a.e. in B. In particular, taking 
z(x) := i(*(x) ±e?7 ■ X, with r/ G and e > 0, we obtain zb(/^(x, Vu* ier?) — ^f) • > a.e. in B. 
As e tends to zero we get (/^(x, Vu*) — ^) • r/ = a.e. in 5, which implies that /^(x, Vu*) = ^ 
a.e. in i? by the arbitrariness of rj. 

So we have proved that f(^{x^Vuh) /^{xj'Vu*) weakly in L'?(r2,M^). Now let us prove that u* 
is a solution of (|2.3D in 17 \ ET. 



Now we use the assumption that converges to for every i. By Proposition 3.1 there 
exists Vh G W^''^{U) such that S/vh = Rf^{x,'S/uh) a.e. in 17 with ti/^ constant Cg-q.e. on each 
connected component of K^^dN^- Since /^(x, Vu/j) converges to f(.{x, Vti*) weakly in L''(17, R^), 
there exists a function v C W'^''^{Q) such that Vh ^ v weakly in VF^''^(17) and Vv = Rf^{x, Vu*) 
a.e. in Q. Moreover, by Lemma |2.7| we get that v is constant C^-q.e. on for every i. So from 



Lemma 3.3 it follows that u* is a solution of (2.3) in 17 \ iiT and hence Thus, Vu* = Vu a.e. in 
17. Therefore, all the sequence \7uh converges to Vn weakly in LP(17,M2). 

Now let us prove that Vu/j converges to Vu strongly in L^(17,M^). First of all, by lower 
semicontinuity we have that 

/ /(x, Vu) dx < liminf / f{x,Vuh)dx. (4-5) 
Jn h^"^ Jn 
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By the convexity of /(x, •) we have also that 

/ fix,\/u)dx> [ f{x,\/uh)dx+ [ f^{x,Vuh) ■ {\/u-Vuh)dx. (4.6) 
Jn Jn Jn 



Since 



/ fi:{x,Vuh)-{Vuh-Vgh)dx = and / f^ix,Vu) ■ {S7u - Vg) dx = 0, 
Jn Jn 



it follows that 

lim / f^{x,Vuh) ■ {Vu-Vuh)dx = lim / f^{x,S/uh) ■ {Vu - Vgn) dx 
h^°°Jn f^^'^Jn 

= / f^{x,Vu) ■ {Vu-Vg)dx = 0. 
Jn 

Hence passing to the limit in ( [4.6D we get 

/ /(x, Vn) > limsup / f{x,Vuh)dx, 
Jn h— >oo Jn 

which together with (|4.5| ) implies 

lim / f{x,Vuh)dx= / f{x,Vu)dx. (4-7) 
h-*^Jn Jn 

Since Vu/j ^ Vn weakly in LP(r2,R^), using the strict convexity of /(x, •), it follows from ( |4.7| ) 

that Vufi converges to Vu strongly in LP(0,M^). □ 

We are now in a position to prove the main results of the paper. 
4.1. The case 17 simply connected. 

Theorem 4.2. Let Q, be a simply connected and bounded open subset ofM? with Lipschitz contin- 
uous boundary. Assume that OnQ has M connected components. Let A > and {Kh) C /C^(r2) 
be a sequence which converges to a compact set K in the Hausdorff metric. Let [g^) be a sequence 
in W'^'^^^) which converges to g strongly in W^'^{Q). Let Uh be such that {uh,Kh) is an unilat- 
eral minimum relative to gh of the functional E defined in (2.t) and let u G L^'P{Q, \ K) be the 



solution of the minimization problem (2.5). Then Vuh converges strongly to Vn in LP{fl,. 



Moreover, the pair {u,K) is an unilateral minimum of the functional E relative to g. 



p2\ 



The proof of Theorem [^.^ . Step L Let us prove that Vu/j converges strongly to Vn in M ). 

Let Kj^, . . . , K^'^ be the connected components of \J Sn^- As by assumption < m + M , 
passing to a subsequence we can assume that = n for every h and that, for every i E 
{1, . . . ,n}, converges to some compact connected set in the Hausdorff metric. 

If n = for every i ^ j, then K^, . . . , K"' are exactly the connected components of 
K U d^Q. So, by Proposition 4.1 it follows that Vn/j converges strongly to Vu in LP^Q^R"^). 

Now we remove the assumption that fl = for every i ^ j. 

Applying Lemma 2.3 for U = and F = 8^^}, we obtain a sequence (Hh) C /C4(0) which 



converges to K in the Hausdorff metric, with Kh C ILh for every h, H^{Hh \ Kh) and such 
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that any connected component of Hh U converges to a connected component oi K U d]\fQ 
in the HausdorfF metric. 

We consider now the fohowing minimization problem 

minJ /" f{x,Vw)dx: w £ L^^Pin\Hh), w = gt on dD^\Hh\ . (4.8) 



Let Wh G L^'^{Q \ Hh) be the solution of ([4.81). From Proposition [4.1| , it follows that Vw^ 
converges to Vu strongly in L^(r2,M^). Now using the fact that the pair {uh,Kh) is a unilateral 
minimum of the functional (|2.5|), we get that 



limsup/ f{x,\7uh)dx < lim / f{x,\/wh)dx + Xmi Ti}{Hh\Kh) (4.9) 

= / f{x,'Vu)dx. 
Jn\K 

Hence, recalling that Vu^ converges to Vn* weakly in LP(r2,M^), we obtain 



/ f{x,Vu*)dx < liminf / f{x,Vuh)dx < 
Jn\K J^\Kh 

< limsup / f{x,'Vufi)dx < / f{x,'Vu)dx, 
h-^oo Jn\Kh Jn\K 



'n\Kh Jn\K 

which implies (by the uniqueness of solution of ( |2.3| ) in O \ K) that Vn* = Vn a.e. in ^1. So, all 
the sequence Vn^ converges to Vn weakly in LP{Q,M?) and 



lim / f{x,Vuh)dx= / f{x,Vu)dx. 



Since ^ — > f{x,^) is strictly convex, it follows that Vn^ converges strongly to Vn in L^(i7,]R^) 
and this achieves the proof of Step 1. 

Step 2. Let us prove that the pair (n, K) is an unilateral minimum of the functional E relative 
to g. Let H G }Cm{^) with K C H and let w € L^'^(Q \ H) with w = g on \ H. By Lemma 
2.4, there exists a sequence {H^) C K,m{^) such that H^ H in the Hausdorff metric, C -ff/i, 



and li}{Hh \ K^) — > TC^{H \ K). From Lemma 2^, we have a sequence (-ff/i) C /Cm(f^) which 
converges to H in the Hausdorff metric and such that H^, C Hh-, T~(-^{Hh \ Hh) — > and, every 
connected component of HhUd^i} converges in the Hausdorff metric to a connected component 
ofHU dN^. Let Zh G L^'^in \ Hh) and z € L^'P{n \ H) be the solutions of with boundary 
data gh and g respectively. From Proposition it follows that Vzh — > Vz strongly in L^'(r2, R^). 

Now using the fact that the pair {uh,Kh) is a unilateral minimum of the functional ( |2.5| ), we 
get that 

/ f{x,Vuh)dx < [ f{x,Vzh)dx + nHHh\Kh). (4.10) 
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So, passing to the hmit in (|4.1C| ) and using the fact that Vuh —>■ Vu strongly in LP(r2,M^) and 
Vz/i — > strongly in L''^(J7,M^), we obtain 



/ f{x,Vu)dx = lim / f{x,Vuh)dx < 
Jn\K Jn\Kh 

< lim / f{x,Vzh)dx+ lim n\Hh\Kh) < 

< [ f{x,\7z)dx + n^{H\K) < [ f{x,Vw)dx + n^{H\K), 
Jn\H Jn\H 



in\H Jn\H 
which gives Step 2 and achieves the proof of the theorem. □ 

4.2. The general case. Here we remove the assumption that is simply connected and we 
prove the stability theorem below using the local conjugates in Lemma 

Theorem 4.3. Let ^ be a bounded connected open subset o/M^ with Lipschitz continuous bound- 
ary. Assume that d^Q, has M connected components. Let A > and {Kfi) C /C^(r2) be a 
sequence which converges to a compact set K in the Hausdorff metric. Let (gh) be a sequence in 
W^'P{U) which converges to g strongly in W^''P{i^). Let Uh be such that {uh,Kh) is an unilateral 
minimum relative to gh of the functional E defined in ( \2. 4 j and let u E L^'P{Q, \ K) be the 
solution of the minimization problem (^.3^ ). Then Vn/j converges strongly to \/u in L^(r2,R^). 
Moreover, the pair {u, K) is an unilateral minimum of the functional E relative to g. 



Proof of Theorem \4.q . 

First of all let us prove that Vuh converges strongly to Vn in L^(r2,M^). By the growth as- 
sumptions ( |2.1[ ) on /, we have that Vn^ is bounded in L^(R^,M^). By Lemma |2.5| applied to 
Uh — dhi we have that Vuh converges (up to a subsequence) to Vn* weakly in LP{E?,'M?) for 
some u* £ L^'P{Q, \ K) with u* = g on dn^ \ K. We claim that Vn* = Vn a.e. in Q.. 

To this aim, we fix r > such that the minimum of the diameters of the connected components 
of Jl'^ is equal to 3r. Using the fact that has a Lipschitz continuous boundary, we may find two 
families of open rectangles {Qij'^^i and (C/i)"^^ such that, for every i E {1, . . . Qi CC Ui, 
Qii^Vt ^ ^ and C/j n O is a Lipschitz domain and, 



n 



<z \ \Qi and max diam(C/i) = 2r. 

— 1 <Ci'Cn 

We set 



l<i<n 

4=1 — 



T] := min d{Qi,dUi). 

l<i<n 

For every i E {1, . . . , n}, the number of connected components C of C/j H Kh which intersect Qi 
is less or equal to m + X/r]. Indeed, if C intersects dUi, then H}{C) > r/ and hence, their number 
is at most X/rj. If C PI dUi = 0, then C is a connected component of Kh, and their number is 
less or equal to m. Similarly the number of connected components of C/j fl which intersect 
Qi is less or equal to M + Ti}{dN^) /rj. Let K^^^ , . . . , A'^'^'' be all the connected components of 
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Ui n Kh which intersect Qi. Since kh < m + A/ry, passing to a subsequence, we can assume that 
kh = k for every h. We set 



K ■■= U K 

Up to a subsequence, we have that Kj^ converges in the Hausdorff metric to some compact set 



€ JC'^{Ui n fi). Let r* be the union of those connected components of C/jn^Aril which intersect 



Qi. By Lemma apphed to U = Ui HQ and F = Lj, we get a sequence (-ff^) C ^.[{Ui fl f]) 
which converges to in the Hausdorff metric, with Kj^ C for every /i, T-L^{Hj^\K^) and 
such that any connected component of Hf^ U F* converges to a connected component of U F* 
in the Hausdorff metric. We set 

n 

Hh:=\jHl 

i=l 

Note that 

and Hh converges in the Hausdorff metric to the compact set K := IJILi Moreover it is easy 
to see that K = K. 

We consider now the minimization problem 



mm 

w 



\[ f{x,Vw)dx: weL^^P{n\Hh), w = gh on dD^X Hh\ . (4.11) 
[Jn\Hi, J 



Let Uh G \ Hh) be the solution of problem ( |4.11 ). Applying Lemma 'Lb to Uh — gh, we 

get that Vuh converges (up to a subsequence) to Vu* weakly in LP(17,]R^), for some function u* 
in L^'P{^} \ K) with u* = g on \ K. As in the proof of Proposition [4.1| , we have also that 
/^(x,Vn/j) converges to f^{x,Vu*) weakly in L'?(r2,M^). 

Let us prove that Vn* = Vu a.e. in Vt. By a localization argument, it is sufficient to prove 
that the function u* satisfies: 

/ /5(x,Vr) • V(/?(ix = 0, 

J{Q,nn)\K (4.12) 
G C^iQi) with = on (Q, n Od^) \ K. 



Let -ff^ := Hh H t/j H and F* := d^Q. H ?7j. Since the diameter of Ui is strictly less than the 
minimum of the diameters of the connected components of O'^, we have that the open set Ui fl 



is simply connected. So, by Lemma 3^, there exists a function G W^'^{Ui n Q) such that 
Vf^ = Rf^{x,'Vuh) a.e. in Ui H and is constant Cg-q.e. on the connected components 
of HI U F*. Since H^ U F' C H^ U F*, we have that any connected component of H^ U F* is 
contained in a connected component of H^^ U F*. So we have also that vj^ is constant Cg-q.e. 
on the connected components of H^ U F*. From the fact that /^(x, Vtt/i) converges /^(x, V-u*) 
weakly in L'^{Q,M?), it follows that vj^ converges weakly to some function in W^''^{UinQ,) such 
that Vu* = Rf^{x,Vu*) a.e. in Ui fl fi. Since any connected component of H^ U F* converges 
to a connected component of U F* in the Hausdorff metric and is constant C^-q.e. on the 
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connected components of U F*, we get from Lemma 2^ that t>* is constant Cg-q.e. on every 



connected component of U F*. Now applying Lemma 3.5 with $7 replaced by Qi fl we get 
that u* satisfies ( [4.12 ). Therefore Vn* = Vu a.e. in Q. So, Vuh converges weakly to Vu in 
LP{i},B?) and /^(x, Vu/i) converges to /^(x, Vu) weakly in L'^(Q,'M?). Thus, arguing as in the 
proof of Proposition 4.1, we get that S/uh converges to Vn strongly in L*'(r2,M^). 
Now, from the minimality of the pair (n/j, Kh), we have that 

/ f{x,S7uh)dx < [ f{x,Vuh)dx + n\Hh\Kh). (4.13) 



So, passing to the limit in (4.13) and using the fact that Vuh Vn* weakly in LP(n, 
obtain 



we 



/ /(x, Vn*) < liminf / f{x,'Vuh)dx < 
Jn\K Jn\Kh 

< lim / f{x,Vuh)dxdx + lira Ti}{Hh\Kh) = [ /(x,V 



u) dx, 



which implies (by the uniqueness of solution of 



in \ K) that Vn* = Vn a.e. in Q and 



lim 

h-^oo 



f{x,Vuh)dx 



f{x, Vn) dx. 



(4.14) 



Since Vn/j ^ Vn weakly in L^^^l^M?), using the strict convexity of /(x, •), it follows from ( f4.14| ) 
that Vn/j converges to Vn strongly in LP(Q,M?). This achieves the proof of the first part of the 
theorem. 

Now let us prove that the pair (n, K) is an unilateral minimum of the functional E relative 
to g. Let H G ICmiTl) with K C H and let w £ L^'P{n \ H) with w = g on do^ \ H. It is not 
restrictive to assume that H e /C,4(il). By Lemma [2!^ , there exists a sequence (Hh) C /Cm(^) 
such that Hfi ^ H in the Hausdorff metric, Kfi C H^, and 

nHHh\Kh)^n\H\K). 

Since (Kh) C /C^(H) and H G 1CL(P), we have that {Hh) C K^^iO) for some e > 0. Arguing 
as in the first part of the proof, we can construct a sequence {Hh) C Kmiyt.) such that C Hh, 
n\Hh \ Hh) 0, and denoting Zh G L^'^i^ \ Hh) and z G L^^p{Q \ H) the solutions of ^ 
with boundary data gh and g respectively, we get that Vz/^ Vz strongly in L^(r2,M^). Now 



we can achieve the proof as in Step 2 of Theorem 4.2 



□ 
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